The model of magnetic braking of solar rotation considered by Charbonneau & MacGregor (1993) has been modified so that it is able to reproduce for the first time the rotational evolution of both the fastest and slowest rotators among solar-type stars in open clusters of different ages, without coming into conflict with other observational constraints, such as the time evolution of the atmospheric Li abundance in solar twins and the thinness of the solar tachocline. This new model assumes that rotation-driven turbulent diffusion, which is thought to amplify the viscosity and magnetic diffusivity in stellar radiative zones, is strongly anisotropic with the horizontal components of the transport coefficients strongly dominating over those in the vertical direction. Also taken into account is the poloidal field decay that helps to confine the width of the tachocline at the solar age. The model's properties are investigated by numerically solving the azimuthal components of the coupled momentum and magnetic induction equations in two dimensions using a finite element method.
Introduction
Helioseismology has revealed that the Sun's radiative core rotates nearly uniformly, at least down to the radius r ∼ 0.2 R ⊙ , with a rate that is close to the mean rotation rate of its convective envelope (e.g., Tomczyk, Schou, & Thompson 1995; Couvidat et al. 2003) . It is also known that the Sun, like other solar-type stars, has been experiencing an effective braking of its surface rotation via a magnetized solar (stellar) wind (Schatzman 1962; Weber & Davis 1967; Kawaler 1988) . Because the magnetic field lines that sling charged particles into space are rooted in the photosphere, it is the envelope rotation that should be decelerated by the wind torque, while the conservation of angular momentum in the radiative core should keep it rapidly rotating. This expectation appears to be in a stark contrast with the measurements of internal solar rotation, which indicate that the difference in the angular velocity between the Sun's radiative core and convective envelope must have been erased by some angular momentum redistribution mechanism. A similar conclusion can be reached from comparisons of the rotation period distributions for solar-type stars in open clusters of different ages. It turns out that the core and envelope rotation have to be coupled with a characteristic timescale of angular momentum transfer between them increasing from a few Myr to nearly a hundred Myr between the fastest and slowest rotators (Denissenkov et al. 2009; cf. Irwin et al. 2007 ). A simple model of rotational evolution of solar-type stars with angular momentum transport described as a purely diffusive process shows that this coupling time interval roughly corresponds to a diffusion coefficient decreasing from 10 6 cm 2 s −1 to 5 × 10 4 cm 2 s −1 . However, such large diffusion coefficients would lead to rates of surface Li destruction strongly exceeding the trend observed in the Sun and its twins (Section 2.4). Therefore, we have to admit that the angular momentum redistribution in solar-type stars is unlikely to be accompanied by an equally rapid mass transfer. This restricts our search for possible mechanisms of angular momentum transport in solar-type stars to those employing waves and magnetic fields.
Presently, the most popular mechanisms of angular momentum redistribution in the Sun's radiative core are the smoothing of its rotation profile by internal gravity waves (gmodes) generated by turbulent eddies in the convective envelope (Charbonnel & Talon 2005) and magnetic braking of differential rotation (Charbonneau & MacGregor 1992 Spruit 1999 Spruit , 2002 . Using a simplified analytical prescription for the spectrum of internal gravity waves and other approximations, Charbonnel & Talon (2005) have succeeded in obtaining a nearly flat rotation profile in the present-day Sun simultaneously with a time evolution of its internal rotation consistent with the observed solar Li abundance. However, because of the complexity of physical processes involved in the generation, propagation and dissipation of internal gravity waves in the Sun, it is difficult to assess the validity of this solution. For instance, it would not be valid if a flatter spectrum, like that computed by Rogers & Glatzmaier (2005) , were used. Non-linear wave-wave interactions, as well as the interaction of gravity waves with a magnetic field, could also change the solution drastically (Rogers, MacGregor, & Glatzmaier 2008; Rogers & MacGregor 2009 ). Even in a case very similar to that considered by Charbonnel & Talon (2005) the question arises as to why gravity waves do not disturb the uniform solar rotation? Indeed, the power of gravity waves generated in the present-day Sun should approximately be the same as it was in the young Sun; consequently, given their peculiar anti-diffusive nature in shear flows (e.g., Plumb 1977; Ringot 1998) , gravity waves should have forced the solar rotation profile away from the uniform one (Denissenkov, Pinsonneault, & MacGregor 2008) . However, this has not occurred.
For a magnetic field configuration to influence differential rotation of the solar radiative core, it must have a non-vanishing azimuthal (toroidal) component. To achieve this, it is usually assumed that there is an axially symmetric poloidal magnetic field frozen into the plasma inside the radiative core which can be stretched around the rotation axis by the differential rotation itself to form the necessary toroidal field. As far as the origin of the poloidal field is concerned, it is widely believed that the field was either inherited from a protostellar cloud or generated by a convective dynamo during the Sun's pre-MS evolution when its convective envelope occupied a much larger volume. Spruit (1999) proposed the original alternative explanation that the poloidal field might be constantly replenished by radially stretching the toroidal field in a dynamo-like cyclic process, the necessary radial plasma displacements being caused by the non-axisymmetric (m = 1) kink instability of the toroidal field (the Tayler-Spruit dynamo).
Magnetic braking is implemented by the azimuthal component of the magnetic tension term of the Lorentz force. Given that its corresponding engagement time is of order several Alfvén timescales for the poloidal field, magnetic breaking appears to be very efficient even for a small field amplitude (Mestel & Weiss 1987) . The only problem associated with this mechanism is that it leaves behind a torus-shaped "dead" zone inside the radiative core with the angular velocity increasing toward the center of the torus cross-section. This is a direct consequence of Ferraro's law of isorotation (rotation that keeps the angular velocity constant along each field line) (Ferraro 1937) and the presence of a constant dipole poloidal field. To solve this problem, Charbonneau & MacGregor (1993) (hereafter, referred to as CHMG93) and other researchers (e.g., Ruediger & Kitchatinov 1996) artificially amplified the viscous transport with the justification that rotation and associated hydrodynamic instabilities should lead to turbulence, and hence that the microscopic viscosity should be augmented by a much stronger turbulent viscosity. However, the minimum value of the enhanced viscosity (5 × 10 4 cm 2 s −1 ) with which it is possible to get a nearly flat rotation profile in the present-day Sun results in too much Li being transported below the bottom of convective envelope and thus destroyed, inconsistent with the observed solar Li abundance. Therefore, the proposed isotropic viscosity enhancement cannot be considered a satisfactory solution.
Only recently has the physics-based modeling of angular momentum transport in solartype stars begun to use the extensive data sets of rotation periods for solar analogs in open clusters as an observational constraint. The main goal of previous studies was to demonstrate that a particular model could (or could not) produce the solid-body rotation of the Sun. In particular, Eggenberger et al. (2005) showed that the Tayler-Spruit dynamo could account for the flat rotation profile of the Sun. However, the correct model must also explain the cause of the transition from the solid-body rotational evolution of the fastest rotators to the evolution wherein a radial differential rotation is sustained for a hundred Myr in the slowest rotators. It turns out that the Tayler-Spruit dynamo cannot pass this observational test because it always enforces a nearly uniform rotation in solar-type stars, no matter how slowly they rotate (Denissenkov et al. 2009 ).
Another important problem that the correct mechanism of angular momentum transport in the Sun has to explain is the thinness of the solar tachocline. The tachocline is a layer in which the differential rotation (both radial and latitudinal) of the convective envelope sharply changes to the nearly solid-body rotation of the radiative core (Spiegel & Zahn 1992) . Its thickness, as measured by helioseismology, is only about 4% of the solar radius (Basu & Antia 2003) . It has been suggested that no purely hydrodynamic mechanism can explain its existence and that a large-scale magnetic field in the radiative core is therefore needed to confine the tachocline structure (Gough & McIntyre 1998; Ruediger & Kitchatinov 2007 ).
To summarize: because large-scale magnetic fields have certainly been playing crucial roles during different phases of the Sun's rotational evolution -such as the synchronizing of rotation of the young Sun and its surrounding protoplanetary disk (the disk locking) (e.g., Shu et al. 1994; Matt & Pudritz 2005) , providing the leverage for the solar wind, confining the tachocline, being generated through a convective dynamo and then driving the solar activity -we believe that it is worthwhile to develop a mechanism of magnetic breaking of differential rotation of the Sun's radiative core.
In this paper, we elaborate upon and extend the magnetic braking mechanism that was originally proposed by Mestel & Weiss (1987) and then studied in detail numerically by CHMG93 followed by Ruediger & Kitchatinov (1996) . Our only modification of the mechanism is to assume that the turbulence induced by rotation-driven hydrodynamic instabilities in the Sun's radiative core is highly anisotropic with its corresponding horizontal component of turbulent viscosity ν h strongly dominating over that in the vertical direction ν v . The hypothesis of anisotropic turbulent diffusion in stellar radiative zones was first advanced by Zahn (1992) and it had since been productively used by many other researchers to study rotational mixing in both MS and red giant branch stars Maeder 2003; Palacios et al. 2003 Palacios et al. , 2006 . Initially, it was even considered to explain the thinness of the solar tachocline by Spiegel & Zahn (1992) . We will show that this hypothesis alone permits a solution of almost all of the aforementioned problems associated with this particular mechanism of magnetic braking, such as the Li problem (a sufficiently small value of the diffusion coefficient ν v can be chosen so that it does not lead to excessive Li destruction), the dead-zone problem, and the difference in spin-down of the fastest and slowest rotators among solar-type stars in open clusters.
The paper is organized as follows. In Section 2, we briefly discuss simple models of rotational evolution of solar-type stars and review the main results that were obtained by comparison of the model predictions with the observed period distributions for solar counterparts in open clusters. In Section 3.1, we reproduce the 2D MHD computations of CHMG93 and show that they cannot account for the spin-down of the fastest rotators in open clusters, especially when one reduces the vertical viscosity to a value more or less compatible with the surface Li abundance evolution in solar twins. In Section 3.2, we present our new dynamic model of magnetic braking with the anisotropic turbulent diffusion (ν h ≫ ν v ) and discuss its advantages compared to the original model. Section 3.3 describes a number of stationary solutions that address the problem of the penetration of the latitudinal differential rotation from the bottom of convective envelope into the radiative interior in the present-day Sun. Finally, we summarize our conclusions in Section 4.
Simple Models of Rotational Evolution of Solar-Type Stars
The simple models of rotational evolution of solar-type stars -i.e., the double-zone model and the purely diffusive one -have been discussed in detail and compared with each other by Denissenkov et al. (2009) . Here, we will only briefly describe the models and summarize the main results obtained by comparing their predictions with distributions of angular velocity of the (assumed) rigidly rotating convective envelope for solar analogs in open clusters, Ω e = 2π/P , which are derived from the corresponding observed rotation period (P ) distributions. We will also show that the purely diffusive model fails to simultaneously comply with the observational constraints imposed by the spin-down of solar analogs in open clusters and the time evolution of the surface Li abundance in solar twins. Although the simple models do not identify the physics behind the internal transport of angular momentum in solar-type stars, they nevertheless provide us with useful estimates of characteristic timescales of relevant processes and their dependence on the rotation rate. Therefore, they can serve as a good starting point for our analysis.
The Pre-Main Sequence Disk Locking
In Fig. 1 , crosses with vertical error bars represent the upper 90th and lower 10th percentiles of the Ω e distributions for stars having masses in the interval 0.9 M/M ⊙ 1.1 sampled from open clusters with ages between 2 Myr and 600 Myr (for details, see Denissenkov et al. 2009 ). The data for the youngest clusters set up the initial Ω e distributions for rotational evolution computations. Of course, these are not the true initial distributions inherited by the stars during their formation epoch because they have already been modified (reduced) by a disk-locking process compared to what they would have been if the stars' pre-MS evolution had taken place in complete isolation. The fact is that after its birth a protostar continues to contract before it settles down on the zero-age MS (ZAMS) at an age of about 40 Myr (for M ≈ 1 M ⊙ ). During this period of time, the star's radius R and total moment of inertia I are decreasing, hence its Ω e should be growing as a consequence of angular momentum conservation. Contrary to this, it is the surface angular velocity rather than the angular momentum that is observed to be nearly preserved in contracting pre-MS stars (e.g., Rebull, Wolff, & Strom 2004) . This is usually explained by a complex magnetic interaction that pumps out angular momentum from the protostar to its surrounding protoplanetary dust disk (e.g., Shu et al. 1994; Matt & Pudritz 2005) . As a result, the magnetic disk locking keeps Ω e nearly constant (this is modeled by horizontal fragments of dotted curves in Fig. 1 ) for a period of time up to 10 -20 Myr at most before the disk disappears. After that, the star's residual contraction and conservation of angular momentum cause an increase of its Ω e that continues until the star reaches the ZAMS.
The Surface Loss of Angular Momentum
From the moment when the young Sun arrives at the ZAMS (t ZAMS ≈ 40 Myr) until the Sun's present-day age of t ⊙ = 4.57 Gyr, its internal structure does not change significantly. In particular, the dimensionless moment of inertia of the Sun's convective envelope i e ≡ I e /(R 2 ⊙ M ⊙ ) ≈ 0.0105 remains constant to within 6%. Note that i e amounts only to 14% of the Sun's total moment of inertia i ≡ I/(R 2 ⊙ M ⊙ ) ≈ 0.074. If there were no angular momentum transfer from the Sun's radiative core to its convective envelope then the only process involved in the Sun's rotational evolution during its life on the MS (t ZAMS ≤ t ≤ t ⊙ ) would be the braking of envelope rotation by the magnetized solar wind. The corresponding rate of angular momentum loss is often approximated by the following equation:
where K w is a constant calibrated to give Ω e (t ⊙ ) = Ω ⊙ = 2.86 × 10 −6 rad s −1 (for P ⊙ = 25.4 days), and Ω sat is a mass-dependent velocity above which the wind gets saturated (Chaboyer, Demarque, & Pinsonneault 1995; Krishnamurthi et al. 1997; Andronov, Pinsonneault, & Sills 2003) . The value of Ω sat = 8 Ω ⊙ has been adjusted so that the upper solid curve in Fig. 1 simulating the solid-body rotational evolution of rapidly rotating open-cluster solar-type stars could fit the upper 90th percentiles of their Ω e distributions as closely as possible (Denissenkov et al. 2009 ).
The differential equation (1) can easily be solved. If the initial angular velocity Ω e,ZAMS ≡ Ω e (t ZAMS ) exceeds the saturation threshold Ω sat then the solution consists of two different parts. The first one, which is valid for t ZAMS ≤ t ≤ t sat , is
where the wind braking timescale is τ w = (t ⊙ − t ZAMS )/(A/2 + B), while t sat = t ZAMS + Bτ w is the time when Ω e has decreased to a value of Ω sat . To shorten the equations, we have used the notations A ≡ (Ω sat /Ω ⊙ ) 2 − 1 and B ≡ ln (Ω e,ZAMS /Ω sat ). The exponential decay of Ω e is replaced by the Skumanich relation (Skumanich 1972 )
for the time interval t sat < t ≤ t ⊙ . Finally, the solar-calibrated wind constant has to be equal to
Alternatively, if the star arrives at the ZAMS with Ω e,ZAMS ≤ Ω sat then its surface angular velocity will be declining according to the Skumanich law from the very beginning. The above equations can still be used provided that one substitutes Ω sat = Ω e,ZAMS in all of them.
Equations (2) - (3) suffice to describe the Sun's spin-down for the two limiting cases in which its core and envelope rotation are either completely decoupled or, alternatively, rigidly coupled. For the first case, which is only of academic interest because it is in conflict with uniform rotation in the solar interior, equation (4) gives K w = 4.60 × 10 46 cm 2 g s for Ω e,ZAMS = 100 Ω ⊙ , and K w = 4.13 × 10 46 cm 2 g s for Ω e,ZAMS = 4.7 Ω ⊙ (the upper and lower solid curves in Fig. 1 ). In the second case, which appears to adequately describe the fastest rotators, we have to substitute the total moment of inertia i instead of i e into (4), resulting in K w = 3.24 × 10 47 cm 2 g s and K w = 2.91 × 10 47 cm 2 g s for the same initial angular velocities. It is interesting that the solutions (2) -(3) do not depend on the moment of inertia; therefore, the curves representing them for the two limiting cases completely coincide in Fig. 1 . The entire difference between the cases is contained in the values of the wind constant K w . These values have to be larger, in proportion to the ratio i/i e = 0.074/0.0105 ≈ 7.05, for the solid-body rotational evolution because in this case the wind has to be faster to remove the correspondingly increased amount of angular momentum, so that finally we could get Ω e (t ⊙ ) = Ω ⊙ . Note that the last constraint comes directly from the observed rotation period distributions for solar-type stars in open clusters that show a convergence of P to P ⊙ by the solar age. It is also clear that the correct mechanism of angular momentum redistribution in solar-type stars should not tolerate a large variation of the wind constant K w between its applications to the fastest and slowest rotators as long as we believe that the dependence oḟ J on Ω e has correctly been factored out in equation (1).
The illustrated degeneracy of the solutions (2) -(3) with respect to the two limiting cases of coupling between the core and envelope rotation is lifted when we begin to consider more realistic cases in which the coupling is allowed to increase progressively in time. To demonstrate this via a simple example, let us assume that the moment of inertia of the star's rigidly rotating envelope that is decoupled from the rest of it obeys the following rule:
where p ≡ ln(I/I e )/ ln(Ω e,ZAMS /Ω ⊙ ). Although this case does not have a physical justification, it admits an analytical solution of equation (1) and it also guarantees that I(t ZAMS ) = I e (no core/envelope coupling at the beginning) and I(t ⊙ ) = I (full coupling at the end).
For Ω e,ZAMS = 100 Ω ⊙ , the solution of equation (1) for the dependence (5) is plotted in Fig. 1 with a dot-dashed curve. It needs K w = 2.56 × 10 47 cm 2 g s. Thus, in spite of the fact that the evolution begins with angular momentum being lost only from the convective envelope, the wind constant has a value much closer to the previously considered case of solid-body rotational evolution. This is explained by the fact that the star will later have to get rid of more angular momentum than in the old decoupled case because the moment of inertia of its decoupled and uniformly rotating envelope (not just the convective envelope but also an outer part of the radiative core adjoint to it) increases well above I e . Therefore, it is necessary to lose additional angular momentum from the surface of the convective envelope in the future, which will be supplied by the radiative core as its rotation gets more and more coupled to that of the envelope, demanding a larger wind constant which, in turn, leads to a steep initial decline of Ω e .
The Double-Zone Model
The double-zone model (MacGregor 1991) assumes that the Sun (or a solar-type star) consists of two uniformly rotating zones, the core and envelope, and that an excess of angular momentum in the core, compared to the case in which the whole star rotates rigidly, is transferred to the envelope on a specified constant timescale τ c . It is evident that, for this core-envelope rotational coupling to replenish the angular momentum content of the envelope faster than it is drained by the wind, one needs to have τ c ≪ τ w = 133 Myr (for Ω e,ZAMS = 100), and vice versa. Computations show (e.g., Denissenkov et al. 2009 ) that the solid-body rotational evolution of a solar-type star, in the case that its core and envelope rotate nearly synchronously all the time, can only be achieved with τ c ≤ 1 Myr.
It turns out that the upper 90th percentiles of Ω e distributions (the fastest rotators) for solar analogs in open clusters are very well reproduced by the double-zone model with τ c = 1 Myr (upper dotted curves in panels A and B in Fig. 2 ). On the contrary, the slowest rotators (the lower 10th percentiles) at ages of order 100 Myr are found to be located below the curves representing the solid-body rotational evolution (τ c = 1 Myr) that starts from the 10th percentiles of Ω e distributions for the youngest clusters, even when the safe upper limit of τ d = 20 Myr is chosen for the disk-locking time (the lower dotted curve in Fig. 2A) . A rigorous statistical analysis that uses Monte Carlo simulations and compares the full Ω e distributions (modeled versus observed ones) rather than just their percentiles confirms this conclusion. It also gives the following estimates of the coupling time for the slowest rotators: τ c ≈ 55 ± 25 Myr for stars with 0.9 M/M ⊙ 1.1 and τ c ≈ 175 ± 25 Myr for stars with 0.7 M/M ⊙ < 0.9 (Denissenkov et al. 2009 ).
The Purely Diffusive Model
The purely diffusive model uses appropriate initial and boundary conditions, including (1), to solve the following equation:
where ν is a constant viscosity whose physical nature is not specified. The time-dependent density distribution ρ(r, t) in the radiative core and other necessary stellar structure parameters are taken from full stellar evolution computations. Denissenkov et al. (2009) have demonstrated that the solid-body rotational evolution of solar-type stars can only be simulated with ν 10 6 cm 2 s −1 (solid curves in Fig. 2 ). They have also established an approximate correspondence between the diffusion coefficient ν and the coupling time τ c from the double-zone model that produce a similar rotational evolution. In particular, this relation says that the spin-down of a slowly rotating star computed using the double-zone model with τ c ≈ 40 Myr looks almost identical to that obtained with the purely diffusive angular momentum redistribution for ν ≈ 5 × 10 4 cm 2 s −1 (dot-dashed curves in Fig. 2 ). This solution gives an example similar to (5) when the moment of inertia of the rigidly rotating envelope effectively increases with time as the diffusive transport of angular momentum gradually penetrates into the radiative core. It should be noted that even for a coupling time as long as 90 Myr the corresponding diffusion coefficient still remains as large as ν ≈ 2.5 × 10 4 cm 2 s −1 .
The angular momentum redistribution in solar-type stars is known to be accompanied by a chemical element transport, the most pronounced manifestation of which is the strongly reduced abundance of Li in the solar atmosphere. Meléndez et al. (2009) have recently reported that the Sun does not seem to be unique in this respect. It turns out that solar twins (stars with mass and metallicity not different from the solar values to within a few percent) show a dependence of the surface Li abundance on age to which the Sun also belongs (Fig. 3) . A natural interpretation of this relation is that a rate of Li destruction in the atmospheres of solar twins is approximately the same, the Sun simply being a relatively old star.
We have added diffusion terms to a network of nuclear kinetics equations relevant for the Sun's evolution (the pp chains and CNO cycle reactions). This network has been solved in a post-processing way using, as a background, previously stored files with all necessary information about the Sun's internal structure from its fully convective pre-MS evolution to its present age. The resulting time evolution of the surface Li abundance is plotted in Fig. 3 for several values of the diffusion coefficient. It is seen that only a value of ν ≈ (2 -4) × 10 3 cm 2 s −1 satisfies the observed anti-correlation. On the other hand, a value of ν = 5 × 10 4 cm 2 s −1 that was used by CHMG93 to model the magnetic braking of solar rotation leads to an excessive Li depletion inconsistent with the observations. In our modified model of magnetic braking of solar rotation with anisotropic turbulent diffusion, we will employ a value of ν v = 5 × 10 3 cm 2 s −1 which is close to the values constrained by the Li abundance. Note that, without being assisted by another angular momentum transport mechanism, the purely diffusive mixing with this small coefficient can reproduce neither the Sun's nearly uniform rotation nor the spin-down of the fastest rotators in open clusters (dashed curves in Fig. 2 ).
Finally, it is important to note that Be, another fragile element, does not seem to share the fate of Li in evolved MS stars with close to solar effective temperatures, including the Sun (Randich 2008) . This means that the chemical mixing that causes the Li destruction does not penetrate below r ≈ r e − 0.16 R ⊙ ≈ 0.55 R ⊙ in the Sun (eg., see Fig. 1 of Barnes, Charbonneau & MacGregor 1999) , r e ≈ 0.713 R ⊙ being the radius of its coreenvelope interface, where the temperature is high enough for protons to begin destroying Be. Alternatively, it is possible that the diffusion coefficient rapidly declines with depth (e.g., Richer, Michaud, & Turcotte 2000) . If this is true then the Li mixing may have nothing to do with the global angular momentum redistribution in the Sun. On the other hand, to be in accord with observations the latter process cannot be assisted or accompanied by a mass transfer whose rate, when described in terms of a diffusion coefficient, greatly exceeds ν ≈ 4 × 10 3 cm 2 s −1 .
Dynamic and Stationary Models of Solar Rotation with Large-Scale Magnetic Fields

Magnetic Braking of Solar Rotation: the Old Solution
Because our main goal is to modify the well-known model of magnetic braking of solar internal differential rotation for it to enable to explain the recent observational data on the Ω e distributions for solar-type stars in open clusters, without causing a conflict with the Li abundance data for solar twins, we will describe the model employed by CHMG93 that we want to develop only briefly. For more details about the model, the interested reader is referred to the original paper for an excellent analysis of numerical results obtained with it and also a discussion of its shortcomings. To save space, we introduce, at the outset, the general forms of relevant equations that encompass both the original case considered by CHMG93 and our modified case with anisotropic turbulent diffusion. In fact, we have chosen an equivalent system of equations similar to that used in the follow-up study by Ruediger & Kitchatinov (1996) , which allows the poloidal field potential to fade with time.
In the spherical polar coordinates {r, θ, ϕ}, the magnetic breaking of solar rotation in the presence of anisotropic turbulence in the radiative core is described by the following equations
where S J =J/(I e Ω e ) is a normalized angular momentum loss rate, with I e and Ω e being, as before, the moment of inertia and angular velocity of the convective envelope. For the rate of angular momentum loss from the surfaceJ, we continue to use equation (1), whereas CHMG93 used the formulation of Weber & Davis (1967) .
Equations (7) - (8) represent the ϕ -(azimuthal) components of the momentum and induction equations. Following CHMG93, we neglect any meridional motion of either rotational or magnetic origin. We also omit the Coriolis force, while solving the problem in an inertial (non-rotating) frame of reference in which the polar axis is directed along the rotation axis. The right-hand side of the momentum equation (7) contains the viscous term, which has been split into its vertical and horizontal components, the magnetic tension part of the Lorentz force (1/4π)[(B, ∇)B] ϕ , where the total (poloidal plus toroidal) field is B ≡ B p + Be ϕ in which the poloidal field has been expressed via its potential A as follows
and, finally, the term simulating the surface angular momentum loss by smearingJ over the entire convective envelope, which therefore must vanish in the radiative core.
Equation (9) is decoupled from the first two equations, therefore it can be solved separately. Following Ruediger & Kitchatinov (1996) , we expand the poloidal field potential into a series of the associated Legendre polynomials and keep only the longest living dipole term
which we substitute into (9). As a result, we have to solve the eigenvalue problem
for the boundary conditions a(0) = a(r b ) = 0, where 0 ≤ r b ≤ R ⊙ , and the potential A will thus be determined.
CHMG93 considered the isotropic case in which ν ≡ ν v ≡ ν h and η ≡ η v ≡ η h . They artificially amplified the microscopic kinematic viscosity ν and magnetic diffusivity η by factors of order 10 3 and 10 2 , respectively, making them as large as ν = 5 × 10 4 cm 2 s −1 and η = 5 × 10 5 cm 2 s −1 and keeping their values constant throughout the radiative core. It is convenient to transform equation (12) into its dimensionless form
where
Taking the values of γ = 1 and η v = 5 × 10 5 cm 2 s −1 used by CHMG93, we solve the eigenvalue problem (12 -13) and find that, in this case, the poloidal field potential can be approximated by the following relation:
where τ = 35 Myr for r b = r e = 0.713 R ⊙ . The same, or very similar, form of the potential was used by both CHMG93 and Ruediger & Kitchatinov (1997) . However, in both of those investigations the time dependence of A was ignored, which might not be a good assumption, given the short decay time for A obtained with that for the enhanced magnetic diffusivity.
The decay time can be as high as 5.4 Gyr, which is comparable to the solar age, only when the maximum value of the microscopic magnetic diffusivity in the Sun's radiative core η max = η(r e ) ≈ 3 × 10 3 cm 2 s −1 is substituted into the above expression for λ instead of η v (cf. Ruediger & Kitchatinov 1996) . But, in this case, magnetic braking will hardly work, especially, after our having correspondingly decreased the amplified macroscopic viscosity either to the maximum microscopic value of ν max = ν(r e ) ≈ 20 cm 2 s −1 or to its minimum turbulent value of ν ≈ η = η max (assuming that η is still of turbulent origin but has also reached its minimum possible value). The latter substitution brings the turbulent magnetic Prandtl number P m ≡ η/ν close to its most plausible value of unity.
Keeping this inconsistency in mind, we proceed with our revision of the original model of CHMG93. Like them, we apply equations (7) - (8) and (14) to the whole star assuming that ν and η jump to their large convective turbulent values of order 10 12 cm 2 s −1 at the core-envelope interface. Solutions for the angular velocity Ω(r, θ, t) and toroidal magnetic field B(r, θ, t) are sought in the space domain (r, θ) We start our computations with the following initial conditions: Ω(r, θ, 0) = Ω e,ZAMS , and B(r, θ, 0) = 0. The model's internal structure is considered to be fixed and described by the density distribution ρ(r, t ⊙ ) for the present-day solar model taken from our full stellar evolution computations (Denissenkov et al. 2009 ). For the dimensionless moment of inertia of the convective envelope, we use the time-averaged value of i e = 0.0105. Given that the surface loss of angular momentum is already included in equation (7) and that the equations are solved for the whole star, the boundary conditions become simple: ∂Ω/∂r(R ⊙ , θ, t) = 0, ∂Ω/∂θ = 0 at each point on the rotation axis, and B = 0 on all the boundaries, including the core-envelope interface, the latter condition being imposed because of the extremely large turbulent magnetic diffusivity in the convective envelope that makes it feel like a vacuum to the internal magnetic field (Ruediger & Kitchatinov 1996) .
We consider two poloidal field configurations of the four cases investigated by CHMG93. They are specified by the parameter r b that defines the radial extent of non-vanishing potential A with respect to r e (equation 14). We have chosen the qualitatively different configurations D3 and D2 in the notations of CHMG93. In the most promising, according to CHMG93 and MacGregor & Charbonneau (1999) , configuration D3 the potential A occupies the whole radiative core up to the bottom of convective envelope, i.e. we have r b = r e (Fig. 5A) . The configuration D2 is set up by using the value of r b = 0.8 R ⊙ > r e , which means that A can now penetrate into the lower part of the convective envelope (Fig. 5B ) but, what is more important, the poloidal field has now a non-vanishing radial component at r = r e for some θ. Given that B p in the configuration D2 is thus directly coupled to the envelope rotation, it can more effectively transfer into the radiative core the torque applied to the convective envelope by the magnetized wind. In the D3 case, there is a time delay before envelope braking will be felt in the core. This time is taken for the viscous transport of angular momentum to build up a sufficiently strong rotational shear just beneath the core-envelope interface which will then begin to interact with B p . For a comparison, we also introduce a purely diffusive configuration D0 with A ≡ 0 (Fig. 7A) . Finally, our modified magnetic braking models with anisotropic turbulent diffusion that have the D3 and D2 poloidal fields and strong horizontal components of turbulent viscosity in the radiative core will be referred to as D3H and D2H.
To numerically solve the partial differential equations (7) - (8) in the 2D space domain with the potential A given by equation (14) we make use of the COMSOL Multiphysics software package. Like the custom-made computer code employed by CHMG93, the COM-SOL Multiphysics solves PDEs using the finite element method. In our computations, we use quadrilateral mesh elements to partition the space domain into a total number of elements that slightly varies from one solution to another but that is approximately equal to 100 × 200 and comparable to the mesh sizes used by CHMG93. Note that we seek a solution in a half meridian, whereas CHMG93 did their computations for a quadrant. This reduces the resolution of our mesh by a factor of two compared to theirs. Otherwise, apart from the different prescription for the surface loss of angular momentum and the option of taking into account the exponential decay of B p , our analysis of magnetic braking of solar rotation with the isotropic viscosity and magnetic diffusivity is very similar to that by CHMG93.
Analyzing the results of their extensive computations, CHMG93 have come to the conclusion that the rotational evolution of the Sun weakly depends on the poloidal field amplitude B 0 (equations 10 and 14) . On the contrary, the average strength of the toroidal field that is generated by differential rotation in the radiative core changes significantly with B 0 , a weaker poloidal field resulting in a stronger toroidal field. This anti-correlation emerges from the necessity of the magnetic torque to compensate for the one exerted by the magnetized solar wind, the former being proportional to the products B r B ϕ and B θ B ϕ in which B r ∝ B 0 and B θ ∝ B 0 because the total magnetic field in the radiative core is B = B p + B e ϕ .
CHMG93 have distinguished the following three important epochs in the magnetic braking of solar rotation that differ from each other by the relative strength of the magnetic and wind torques. During the first epoch, the magnetic torque is much weaker than the wind torque and, as a consequence, the rotational shear produced by the spin-down of the convective envelope at its interface with the radiative core is spread by the viscosity almost without hindrance to the core surface. So, the shear in the outer core grows almost linearly with time and, as a result, the toroidal field is amplified there almost quadratically in time. This short epoch, lasting between a few thousand to a few million years, is followed by the second epoch during which time the differential rotation profile begins to interact with the growing toroidal field. For the poloidal field configurations in which the core and envelope are magnetically coupled (e.g., the D2 case), this epoch is characterized by vigorous phase mixing throughout the radiative core. This process is initiated by large scale toroidal field oscillations that originate close to the bottom of convective envelope and propagate through the radiative core along the poloidal field lines using them as elastic rubber strings. Because the strings are rooted in the convective envelope (for the D2 configuration) at different colatitudes and therefore have different lengths, the Alfvén waves carrying the perturbations back and forward along the strings get out of phase as time progresses. Eventually, this causes large gradients of toroidal magnetic field to build up locally at different places and, as a result, the large-scale toroidal field oscillations are diffused away either via ohmic dissipation or via turbulent magnetic reconnection, depending on the nature of η (e.g., Spruit 1999) . Finally, during the third epoch, a state of dynamical balance that is achieved at the end of the second epoch between the magnetic torque in the radiative core and the total stresses (magnetic plus viscous) at the bottom of convective envelope is maintained as the surface wind torque decreases with time.
First, we have repeated the computations of CHMG93 for one of their most favorite models, namely the one that starts with Ω e,ZAMS = 50 Ω ⊙ and has the D3 configuration of time-independent poloidal field with the amplitude B 0 = 1 G. Our results are presented in Fig. 4 (thick solid curves in panels A and C as well as panels B and D). The geometry and magnitude of the residual toroidal field in the present-day Sun (panel D) look very similar to those obtained by CHMG93 (upper quadrant of the lower right panel in their Fig. 6 ). As they reported, the model has a nearly flat rotation profile by the solar age (panels B and C). However, it seems unlikely that it will be able to fit the upper 90th percentiles of the Ω e distributions for open-cluster solar analogs after its initial rotation rate is increased to a value of Ω e,ZAMS = 100 Ω ⊙ corresponding to the observed maximum (the peak on the dotted curve representing the solid-body rotational evolution simulated using the doublezone model). This supposition is confirmed by our additional test computations that started with Ω e,ZAMS = 100 Ω ⊙ (thin solid curve in panel A).
It is also not clear what could possibly force the rotational evolution of the CHMG93 model to change its morphology in the Ω e vs. Age plane from the convex one for the fastest rotators to the concave one for the slowest rotators, as is indicated by both direct observations (e.g., compare the solid and dot-dashed curves in panels A and B in Fig. 2 , respectively) and their rigorous statistical analysis (Denissenkov et al. 2009 ). Physically, the change implies a transition from solid-body rotational evolution to evolution with a differential rotation sustained for a few tens to a hundred Myr. As has been mentioned, this cannot be produced by a variation of B 0 . We can see now that an increase of the initial rotation rate does not make the rotational evolution of the CHMG93 model approach the dotted curve either. In other words, this model does not have enough internal degrees of freedom to explain the whole spectrum of observed rotation rates. Besides, its high viscosity (ν = 5 × 10 4 cm 2 s −1 ) causes the model to conflict with the observed Li abundances in solar twins (Section 2.4). When we reduce the viscosity to the value of ν = 5 × 10 3 cm 2 s −1 , which is more or less compatible with the Li data, then the model's rotational evolution becomes absolutely incapable of reproducing the upper 90th percentiles of the Ω e distributions (dashed curve in Fig. 4A ).
As far as the importance of taking into account the exponential decay of the poloidal field is concerned, it depends on how big the values of γ = η h /η v and η v are in the model in question. For the above considered case of Ω e,ZAMS = 100 Ω ⊙ , γ = 1 and η v = 5×10 5 cm 2 s −1 , a more consistent solution with A decaying on the timescale of τ = 35 Myr (equation 14) is plotted in Fig. 4A as a dot-dashed curve. Although it does not appear to strongly deviate from the old solution (the thin solid curve), the difference between the two solutions will probably be significant for Monte Carlo simulations and a rigorous statistical analysis of rotation period distributions for solar analogs in open clusters like those performed by Denissenkov et al. (2009) .
Finally, it is worth noting that the purely diffusive model with the same viscosity ν = 5 × 10 4 cm 2 s −1 as the one used by CHMG93 seems to produce both the Sun's rotational evolution and its final internal rotation profile (the dot-dashed curves in panels A and C in Fig. 2 ) that are not very different from those computed with the model of CHMG93, especially when the poloidal field potential is allowed to decrease with time (the dot-dashed curves in panels A and C in Fig. 4) . The secondary role of magnetic braking compared to the viscous transport of angular momentum is emphasized when we take a much smaller value of ν = 5 × 10 3 cm 2 s −1 , consistent with the solar Li data (compare dashed curves in the same four panels). In this case, the only noticeable effect produced by the presence of magnetic fields is a slightly slower rotation of the radiative core at the solar age, especially close to its center, which still strongly deviates from the helioseismology data.
Magnetic Braking With Anisotropic Turbulent Diffusion
We start with the aforementioned failed D3 model of magnetic braking of solar rotation that has an isotropic viscosity ν = 5×10 3 cm 2 s −1 and magnetic diffusivity η = 5×10 4 cm 2 s −1
and which begins its rotational MS evolution with Ω e,ZAMS = 100 Ω ⊙ (thin dashed curves in Fig. 6 ). Note that its viscosity is already increased by nearly two orders of magnitude compared to the maximum value of the microscopic (molecular for the Sun) viscosity in the radiative core. This is not a problem though, given that vertical diffusion with a coefficient of a similar or slightly stronger magnitude is indeed predicted to occur in radiative zones of solar-metallicity MS stars with M = 1.5 M ⊙ , especially close to the ZAMS (Palacios et al. 2003) , where internal gradients of the mean molecular weight are too weak to effectively hinder it. This diffusion is associated with either rotation-driven meridional circulation or small-scale turbulence caused by rotational shear instabilities. It has been successfully used to explain chemical composition anomalies in the atmospheres of massive MS stars and their descendants (e.g., Meynet & Maeder 2000; Denissenkov 2005 ).
Whereas the model of magnetic angular momentum transport based on the hypothetical Tayler-Spruit dynamo has a problem reproducing differential rotation in the slowest rotators (Denissenkov et al. 2009 ), the D3 model of CHMG93, on the contrary, cannot provide a rapidly rotating solar-type star with a means to spin-down its radiative core fast enough for the star's rotational evolution to fit the upper 90th percentiles of the Ω e distributions for solar analogs in open clusters. The question is whether we can make a reasonable modification of the CHMG93 model such that it will become capable of reproducing the rotational evolution of both the fastest and slowest rotators while being consistent with the other observational constraints? We have shown that a variation of the isotropic viscosity does not help to solve the problem self-consistently with or without a magnetic field. The major obstacles are the observational limit of ν 5 × 10 3 cm 2 s −1 imposed by the rate of the evolutionary Li depletion in solar twins (Fig. 3) and the rapid decay of the poloidal field caused by high viscosity and magnetic diffusivity. On the theoretical side, stellar hydrodynamics does not predict a build-up of vertical turbulent viscosities as large as ν ∼ 10 6 cm 2 s −1 in the radiative cores of rapidly spinning MS solar-type stars, as required for the stars to evolve like solidbody rotators. Besides, such large diffusion coefficients would solve the problem without being assisted by magnetic fields.
It should be noted that the poloidal magnetic field does help the viscous transport to reduce, even a little, the degree of differential rotation in the Sun's radiative core, as claimed by CHMG93. Indeed, panels C in our Figs. 7 and 5 indicate that, whereas the contours of constant angular velocity in the present-day Sun's D0 model are concentric spheres, they become consecutive layers in meridian cross sections of an axisymmetric torus in the D3 model. This torus, called the "dead zone" by Mestel & Weiss (1987) , is shaped by the poloidal field, whose lines form a similar toroidal structure (Fig. 5A) , according to Ferraro's law (B p , ∇)Ω = 0. Thus, in the D3 configuration, the viscous transport has to redistribute angular momentum throughout a smaller volume than in the absence of magnetic fields (the D0 case). However, when ν = 5 × 10 3 cm 2 s −1 , it does not have enough time to finish its work by the solar age. As CHMG93 reported, the situation is slightly improved when the poloidal field configuration is switched to D2. In this case, there is no waiting time before the spin-down of the convective envelope gets communicated to the radiative core because poloidal field lines are now rooted in the envelope, hence they can start transferring the wind torque to the core from the very beginning. Besides, because not every poloidal field line is now parallel to the bottom of convective envelope (some of them emanate from it, being directed inside the core), a larger cylindrical region around the rotation axis (not just the axis and its immediate adjacent layers as it was in the D3 case) acquires a rotation rate close to that of the envelope. As a result, the dead zone becomes thinner (Fig. 5D) . However, even in this case the rotational evolution is still far from being close to that of a solid-body rotator (thick dashed curves in Fig. 6 ).
When analyzing the above results, especially contour plots C and D in Fig. 5 , we have noticed that a strong horizontal turbulence, a concept with different approximate descriptions that have already been used in other stellar evolution computations, might solve the problem of magnetic braking of solar rotation as well. In fact, the same hydrodynamic models that give an estimate of ν v ∼ 10 2 -10 4 cm 2 s −1 for the vertical component of turbulent diffusion also predict a much stronger value, of order 10 4 -10 6 cm 2 s −1 , for its horizontal component in the radiative core of the solar-metallicity MS star with M = 1.5 M ⊙ and Ω e,ZAMS ≈ 50 Ω ⊙ (Palacios et al. 2003) . In a solar-mass star the corresponding turbulent viscosities are expected to be lower by a factor of 10, which is roughly proportional to the ratio of luminosities for MS stars with M = 1.5 M ⊙ and M = M ⊙ , because the baroclinic and secular Kelvin-Helmholtz instabilities driving this anisotropic turbulence have growth rates inversely proportional to the thermal timescale. On the other hand, the coefficient of horizontal turbulent diffusion has been suggested to take on much greater values (by more than four orders of magnitude) than previously thought (cf. Zahn 1992; Maeder 2003; Mathis, Palacios, & Zahn 2007) . Zahn (1992) was the first to bring anisotropic turbulent diffusion to the attention of the stellar astrophysics community. Anisotropic turbulence has both quite a natural physical justification and an experimental basis in geophysics and oceanography. Tassoul (2000) notes that "in the Earth's lower atmosphere one has ν h /ν v 10 2 , whereas this ratio may be as large as 10 5 in the surface layer of the ocean where large-scale currents are observed". It is even more likely to occur in stellar radiative zones with their extremely large Reynolds numbers and strong thermal stratifications in the vertical direction.
Unfortunately, neither ν v nor ν h can be derived from first principles yet. Therefore, crude estimates are usually adopted and then tuned up by making an order of magnitude evaluation of the relevant energy balance, using appropriate results from laboratory or numerical experiments, and, last but not least, trying to comply with available observational constraints concerning mixing in stars. Given this uncertainty, while pursuing our modest goal of producing a modified CHMG93 model that should be as simple as the original one, we have chosen the following prescriptions for the anisotropic diffusion coefficients in solar-type MS stars:
, and ν h = 10
6 Ω e,ZAMS 100 Ω ⊙ cm 2 s −1 .
The first expression represents the approximate upper limit for the diffusion rate associated with the radial mass transport that is more or less consistent with Li data in solar twins. The more realistic value would be closer to 2 × 10 3 cm 2 s −1 (dot-dashed curve in Fig. 3) . However, the observational data do not exclude the possibility that ν v could be as large as 3 × 10 4 cm 2 s −1 during the first 300 Myr and then reduced to 1.75 × 10 3 cm 2 s −1 (dotted curve in Fig. 3 ; however, our rotation evolution computations show that this variable viscosity does not solve the problem, as is illustrated by Fig. 8) . In other words, our assumed constant value for ν v should instead be considered a time average, therefore it can be a bit larger, say like ν h = 4 × 10 3 cm 2 s −1 (short-dashed curve in Fig. 3 ). But it definitely cannot be as large as ν v = 5 × 10 4 cm 2 s −1 (solid curve in Fig. 3 ) and remain constant, as CHMG93 assumed. As for our choice of ν h , its amplitude seems to have a correct order of magnitude (in agreement with other most recent applications) for a ZAMS solar model rotating with the angular velocity Ω e,ZAMS = 100 Ω ⊙ , taking into account that Mathis, Palacios, & Zahn (2007) have estimated ν h ≈ 10 7 -10 8 cm 2 s −1 for a young (252 Myr) solar-metallicity 1.5 M ⊙ model star that started its MS evolution with approximately one half the rotation rate. On the other hand, the assumed dependence of ν h on Ω e,ZAMS does not seem unnatural and it provides us with the necessary additional degree of freedom, such that a variation of its value can probably be used to model the transition from the fastest to slowest rotators, without causing a conflict with other observational constraints.
Thick solid curves in Fig. 6 have been computed using the anisotropic diffusion coefficients (15) for the D2 poloidal field configuration. We have assumed that η v = 2.5 × 10 3 cm 2 s −1 and η h = ν h . The poloidal field decay has been taken into account (equation 14) with an appropriate value of the decay time obtained as a solution of equation (13). We can see that now the surface rotation evolution curve in panel A fits the upper 90th percentiles of the Ω e distributions for solar analogs in open clusters, while its corresponding internal rotation profile at the solar age appears to be nearly uniform (panel B). A comparison of four similar models in panel A demonstrates that it is the combination of the D2 poloidal field geometry and strong horizontal turbulence (the D2H model) that results in the rotational evolution resembling that of the fastest rotators because neither the D2 nor the D3H models are able to produce a convex Ω e evolutionary curve. The contours of constant angular velocity and toroidal magnetic field for the D2H model of the solar age are shown in panels B and D in Fig. 7 . It is important to note that, in the absence of internal large-scale magnetic fields, strong horizontal turbulent diffusion could not erase the differential rotation in the radiative core because it is the dipole poloidal field and its interaction with the rotational shear that change the geometry of differential rotation from the spherically symmetric one (Fig. 7C) to the toroidal one (Fig. 5D ). On the other hand, the assumption of anisotropic turbulence with ν h ≫ ν v allows us to choose a sufficiently small value of ν v , thus avoiding a conflict with the observed surface Li abundances in solar twins.
Finally, when we apply the D2H configuration to model the rotational evolution of solartype stars with initial angular velocities ranging from Ω e,ZAMS = 100 Ω ⊙ to Ω e,ZAMS = 5 Ω ⊙ , we indeed obtain a nice transition from the convex evolutionary curves for the fastest rotators to the concave ones for the slowest rotators (Fig. 9) , as hinted by observations. Note that all of these models end up with nearly flat internal rotation profiles, and their solar-calibrated wind constants do not differ by very much: whereas the fastest rotating model has K w = 3.64 × 10 47 cm 2 g s, the slowest rotating model needs K w = 4.44 × 10 47 cm 2 g s.
Stationary Solutions: the Width of the Solar Tachocline
The conclusion made by that it is the D3 configuration, rather than the D2 one, that seems to be the most appropriate one for the model of magnetic braking of solar rotation is based on their consideration of the thinness of the solar tachocline. Because of the direct magnetic coupling of the convective envelope with the radiative core through the D2 poloidal field, the latitudinal differential rotation at the core-envelope interface Ω(r e , θ, t ⊙ ) penetrates into the bulk of the radiative core more easily in the D2 case than in the D3 case. The differential rotation of the convective envelope in the present-day Sun is maintained by the inhomogeneous turbulence of a rotating fluid (e.g., Kitchatinov & Ruediger 1993; Ruediger & Kitchatinov 1996) . Following Charbonneau, Dikpati, & Gilman (1999) and Ruediger & Kitchatinov (2007) , we use the simple approximate relation Ω(r e , θ, t ⊙ ) = Ω ⊙ (1 − 0.15 cos 2 θ).
Its values at θ = 30
• , 45
• , 60
• , and 90
• are plotted in panels C and D in Fig. 2 as horizontal line segments at r/R 0.713. It is seen that the variation of the interface angular velocity with the colatitude in the present-day Sun is much smaller than the decrease of Ω e during the Sun's possible previous MS evolution ( Fig. 2A) . Therefore, we have neglected this variation in our rotational evolution computations. However, now, when we consider the final model of the solar age, we have to be sure that our assumptions and, in particular, our preference for the D2 poloidal field configuration, do not lead to the formation of a thick tachocline.
A stationary solution that has to be tested for the spread of the interfacial differential rotation can easily be obtained with the same COMSOL Multiphysics code that we have used to compute the rotational evolution of solar-type stars. We have only to set to zero the left-hand sides of equations (7) - (8), omit the term proportional to S J , use the relation (16) as a new outer boundary condition, and shrink the computational space domain from r = R ⊙ to r = r e = 0.713 R ⊙ . We have used this approach to obtain a number of stationary solutions, the results of which are discussed below.
Let us start with non-magnetic solar models. Fig. 10A shows a stationary solution (contours of constant angular velocity) for one such model in which the kinematic viscosity is isotropic and has its near maximum microscopic value of ν = 20 cm 2 s −1 that is assumed (as before) to be constant throughout the radiative core. This solution is evidently in conflict with helioseismology data indicating that both the latitudinal and radial differential rotation of the solar convective envelope are smoothed out when one crosses the thin (∆r 0.04 R ⊙ ) tachocline, so that the radiative core rotates like a solid body at least down to r ≈ 0.2 R ⊙ (e.g., Ruediger & Kitchatinov 2007 , and references therein). This result is not surprising because the isotropic viscosity is known to spread a horizontal velocity inhomogeneity of a given length scale to a radial velocity inhomogeneity of the same length scale (Ruediger & Kitchatinov 1997) . Fig. 10B presents a stationary solution for the same nonmagnetic model but with the anisotropic viscosity whose horizontal component is ν h = 10 4 cm 2 s −1 ≫ ν v = 20 cm 2 s −1 . In this case, the strong horizontal turbulence smooths out the interfacial differential rotation in a sufficiently thin layer located immediately beneath the core-envelope interface (cf. Spiegel & Zahn 1992 ). Now, we return to the isotropic viscosity but add a poloidal magnetic field. Fig. 10C shows a stationary solution for the case similar to that considered by CHMG93, namely for the D3 poloidal field configuration of amplitude B 0 = 0.1 G interacting with the rotational shear via the (turbulent) viscosity ν = 5 × 10 4 cm 2 s −1 , the induced toroidal field being diffused away at the rate η = 5 × 10 5 cm 2 s −1 . In this case, our contours of constant angular velocity indeed resemble very closely those plotted in the lower right panel in Fig. 1 by . After returning to the isotropic viscosity, we would expect the interfacial differential rotation to again be spread radially deep into the core but this has not happened. The reason is that now it is the latitudinal transport of angular momentum by the magnetic stress, proportional to the product B θ B ϕ , that suppresses the differential rotation and restricts its penetration into the radiative interior (Ruediger & Kitchatinov 1997) . However, the original CHMG93 model did not take into account the decay of the poloidal field in spite of the fact that its assumed extremely high value of the magnetic diffusivity implies the very short decay time of 35 Myr. With this e-folding time, the poloidal field will already have the amplitude of merely 10 −10 G by the age of 725 Myr. Fig. 10D shows contours of constant angular velocity in the D3 model of the solar age with this weak field. Because there is actually no poloidal field left, the solution looks almost identical to that for the pure D0 case.
We have chosen the D2 configuration because it more effectively transfers the wind torque and rotational shear into the radiative core than the D3 configuration. However, this same property plays a negative role when we try to prevent the interfacial differential rotation in the present-day Sun from penetrating the radiative interior. Fortunately, our D2H model combines the D2 geometry with the assumption of strong horizontal turbulent diffusion which, as we have seen in Fig. 10B , can potentially counteract the negative effect produced by the non-vanishing radial component of the D2 poloidal field at the core-envelope interface. To test this possibility, we have computed four stationary solutions for our favorite D2H model. Fig. 11A shows contours of constant angular velocity at the solar age for a D2H model in which neither the anisotropic diffusion coefficients nor the poloidal field amplitude were allowed to change with time. This is the worst possible solution in terms of the tachocline width. However, like the original CHMG93 solution, our first D2H test solution is not fully consistent because it does not take into account the poloidal field decay. For our assumed values of η v = 2.5 × 10 3 cm 2 s −1 and η h = ν h = 10 6 cm 2 s −1 (for the fastest solar-type rotator with Ω e,ZAMS = 100 Ω ⊙ ) equation (13) gives τ = 1.1 Gyr. Hence, by the solar age, the initial amplitude B 0 = 0.1 G will be reduced to 2 × 10 −3 G. Fig. 11B demonstrates that for a D2 poloidal field of such an order of magnitude the tachocline can be very thin, due to the continuing strong horizontal turbulent diffusion. Now, given our assumption about the dependence of ν h on the angular velocity (equation 15), it would be fair to construct a solution for the case of ν h having been reduced to 10 4 cm 2 s −1 , proportionally to the decrease of Ω e from 100 Ω ⊙ to Ω ⊙ . Its respective contours of constant Ω(r, θ, t ⊙ ) are presented in Fig. 11C . We see that even in this case the obtained tachocline width is not more discrepant than in the original CHMG93 solution (Fig. 10C) . Finally, Fig. 11D illustrates that the previous solution is greatly improved when the amplitude of the residual poloidal field is reduced by another order of magnitude. So, the anisotropic turbulence with the horizontal components of turbulent viscosity strongly dominating over those in the vertical direction plus the account of the poloidal field decay incorporated into our D2H model make it possible to obtain a sufficiently thin tachocline in the present-day Sun's model even for the D2 poloidal field configuration.
Conclusion
The main goal of this work has been to modify the model of magnetic braking of solar rotation presented and discussed in detail by CHMG93 so that it could reproduce the most recent observational data concerning the rotation of solar analogs in open clusters of different ages, without coming into conflict with other available observational constraints. Although we have used a different prescription for the surface angular momentum loss rate (equation 1), its corresponding dependence of the envelope braking rate −d(Ω e /Ω ⊙ )/dt (yr −1 ) on the rotation rate Ω e /Ω ⊙ does not deviate significantly from the dependence predicted by the Weber-Davis MHD wind model that was employed by CHMG93 (for comparison, we used Fig. 1 from Charbonneau 1992) . It turns out that even in its original formulation the CHMG93 model experiences difficulties in fitting the upper 90th percentiles of the Ω e distributions for cluster solar-type stars. The discrepancy with the observationally constrained rotational evolution of the fastest rotators becomes much worse when we reduce the kinematic viscosity by one order of magnitude and/or take into account the poloidal field decay caused by the high magnetic diffusivity in the CHMG93 model. The viscosity reduction makes the model more consistent with the data for the atmospheric Li depletion in solar twins. The value of ν = 5 × 10 4 cm 2 s −1 used by CHMG93 leads to excessive Li destruction unless it describes, in terms of an effective diffusion coefficient, another angular momentum transport mechanism implemented as a process without a radial mass transfer, e.g. angular momentum redistribution by internal gravity waves. However, in this case the question would arise as to why that additional process could not do the entire work alone? Poloidal field decay also seems to be necessary, given that the model already follows the decay of the induced toroidal field. After these reasonable modifications are made, the CHMG93 model produces a rotational evolution of a rapidly rotating solar-type star that differs greatly from that of the fastest rotators among solar analogs in open clusters. Besides, at the solar age, the model still possesses strong differential rotation in the radiative core, in conflict with helioseismology measurements. This differential rotation has such a geometry that its corresponding contours of constant angular velocity form consecutive layers in cross sections of an axisymmetric torus, a region called the "dead zone" by Mestel & Weiss (1987) . Its shape is a manifestation of Ferraro's law of isorotation, (B p , ∇)Ω = 0, with the poloidal field B p having a dipole structure.
To save the CHMG93 model, we have assumed that the rotation-driven turbulence that is thought to amplify the viscosity and magnetic diffusivity compared to their microscopic values in stellar radiative zones is actually anisotropic with the horizontal components of the transport coefficients strongly dominating over those in the vertical direction. This is not a new hypothesis. It was first introduced to the stellar astrophysics community by Zahn (1992) and, since then, it has widely been used to model both chemical mixing and angular momentum transport in stars. The strong horizontal turbulent diffusion serves a two-fold goal in our modified model: it erases the dead zone along isobaric surfaces (a horizontal erosion of latitudinal differential rotation), while allowing us to choose a sufficiently small value for the coefficient of vertical diffusion that does not lead to a conflict with the Li data in solar twins. We have also found it necessary to switch from the D3 poloidal field configuration, that was considered to be the most appropriate one in the original CHMG93 model, to the D2 configuration. In the D2 geometry, the dipole poloidal field partially penetrates the convective envelope, which allows it to more effectively transfer the surface wind torque to the radiative interior. As a result, a thinner dead zone develops, which makes it easier for the horizontal turbulence to erase it. The horizontal component of the turbulent viscosity gives us an additional degree of freedom whose assumed linear dependence on the initial (ZAMS) angular velocity enables the models to properly reproduce the transition from the convex morphology of the surface rotation evolution of the fastest rotators to the concave Ω e (t) curves for the slowest rotators, as suggested by observations. have chosen the D3 geometry as the most suitable one for the modeling of magnetic breaking of solar rotation because its corresponding poloidal field configuration does not lead to a penetration of the differential rotation of the Sun's convective envelope into its radiative interior, consistent with the observations. The helioseismology measurements show that the envelope differential rotation gets smoothed out in a thin (∆r 0.04 R ⊙ ) transition layer (the solar tachocline) immediately beneath the bottom of the Sun's convective envelope and that the radiative core below the tachocline rotates like a solid body at least down to r ≈ 0.2 R ⊙ . Contrary to this, it has been shown that the non-vanishing radial component of the D2 poloidal field at the core-envelope interface causes the interfacial latitudinal differential rotation to move into the bulk of the radiative core. However, after our modifications of the original CHMG93 model, the new D2H model appears to be free of this problem. Both the strong horizontal turbulent diffusion and the poloidal field decay work towards confining the width of the solar tachocline.
It is important to note that our D2H model is very simplistic and it is based on a number of assumptions whose validity has not been proven. For instance, it is not clear how the rotation-driven turbulence should interact with the strong large-scale magnetic fields. Also, the formation of the solar tachocline is a much more complex process than described by our model. In particular, it must take into account a penetration of the meridional circulation from the convective zone into the radiative core (e.g., Gough & McIntyre 1998; Ruediger & Kitchatinov 2007; Gough 2009 ), which our model completely ignores. We are aware of these shortcomings. Therefore, we consider our model only as a legitimate extension of the CHMG93 model in the sense that we have not made any modifications of the latter that are very different from the original assumptions and approximations used by CHMG93. On the other hand, we have shown that just one additional assumption, that of strong horizontal viscosity, helps to solve several problems with the old model. Fig. 2. -Spin-down of the surface solar rotation for the case in which the angular momentum redistribution in the Sun's interior is modeled as a purely diffusive process (equation 6) with a diffusion coefficient ν (displayed in panels A and B for the fastest and slowest rotators, respectively). The corresponding internal rotation profiles at the solar age are shown in panels C and D with crosses representing the observational data from helioseismology measurements by Couvidat et al. (2003) . Horizontal line segments at r/R ≥ 0.713 in the same panels show the latitudinal differential rotation of the (bottom of) Sun's convective envelope at θ = 30
• (from the lower to upper). Meléndez et al. (2009) . Curves are our solar model postprocessing computations of the kinetics of nucleosynthesis in the pp chains and CNO cycle with chemical mixing modeled as a purely diffusive process. For Li to start being destroyed, it has to be mixed at least down to r ≈ 0.65 R ⊙ (in the present-day Sun, the core-envelope interface is located at r = r e ≈ 0.713 R ⊙ ). For mixing penetrating below r ≈ 0.6 R ⊙ , the surface Li depletion depends almost entirely on the value of the diffusion coefficient ν and not on the mixing depth (curves). The dotted curve represents the possibility of ν being enhanced during the first 300 Myr. Fig. 4 .-Magnetic braking of solar rotation computed using the D3 poloidal field configuration ( Fig. 5A ) with the isotropic viscosity ν = 5 × 10 4 cm 2 s −1 and magnetic diffusivity η = 5 × 10 5 cm 2 s −1 (thick solid curves in panels A and C as well as contours of constant angular velocity and toroidal field in panels B and D, the last three panels showing solutions at the solar age). These values are equal to those used in the favorite model of CHMG93. In the models represented by dot-dashed, thin solid and dashed curves, the initial angular velocity was increased from 50 Ω ⊙ to 100 Ω ⊙ , and in the first of them the poloidal field of the same amplitude B 0 = 1 G as in CHMG93 was allowed to decay with time (equations 13 -14). The CHMG93-type solution obtained with the reduced values of η = 5 × 10 4 cm 2 s −1 and ν = 5 × 10 3 cm 2 s −1 , the latter being more or less compatible with the observed Li depletion in solar twins, fails to reproduce both the spin-down of the fastest rotating solar-type stars in open clusters and the internal rotation profile of the present-day Sun (dashed curves in panels A and C). In the cases D2H and D3H, ν v = 5 × 10 3 cm 2 s −1 , η v = 2.5 × 10 3 cm 2 s −1 , and the poloidal field of the amplitude B 0 = 0.1 G is allowed to decay. In the D2 and D3 cases, we used ν = 5 × 10 3 cm 2 s −1 , η = 5 × 10 4 cm 2 s −1 , and a constant poloidal field of the same amplitude. In the D2H and D3H cases, we assumed that ν h = η h = 10 6 cm 2 s −1 . Panel B compares the final internal rotation profiles with the helioseismology data. Note that only our D2H model gives a satisfactory solution for the fastest rotators (thick solid curves). -Solid curves show the rotational evolution of solar-type stars computed with our D2H model using the anisotropic turbulent viscosity (15). Other model parameters are η v = 2.5 × 10 3 cm 2 s −1 (except for the slowest rotating model that has η v = 5 × 10 3 cm 2 s −1 ), η h = ν h , B 0 = 0.1 G initially and is decaying exponentially with an e-folding time that is calculated using equation (13). The solar-calibrated wind constant varies between K w = 3.64 × 10 47 cm 2 g s and K w = 4.44 × 10 47 cm 2 g s from the fastest to slowest rotator. (Ruediger & Kitchatinov 2007) , into its radiative core. D0: ν = 20 cm 2 s −1 has its near maximum microscopic value. D0H: same as D0 but with the horizontal components of ν h = 10 4 cm 2 s −1 , note the formation of a thin tachocline in this case, as originally proposed by Spiegel & Zahn (1992) . D3CHMG93, B 0 = 0.1 (G): the original D3 model of CHMG93 with the constant poloidal field (cf. lower right panel in Fig. 1 from . D3CHMG93, B 0 = 10 −10 (G): same as in the previous panel but with a strongly decayed poloidal field amplitude, which had not been taken into account by CHMG93. Fig. 11 .-Same as in Fig. 10 but for our magnetic braking model (the D2 poloidal field with the anisotropic turbulent diffusion). D2HSTAT, B 0 = 0.1 (G): this case assumes that all the model parameters remain constant, including the value of ν h = 10 6 cm 2 s −1 (for Ω e,ZAMS = 100 Ω ⊙ in equation 15). D2HSTAT, B 0 = 0.001 (G): same as in the previous panel but with the decayed poloidal field. D2H, B 0 = 0.001 (G) and B 0 = 0.0001 (G): here, it is additionally assumed that ν h has been reduced to 10 4 cm 2 s −1 , proportionally to the decrease of Ω e from 100 Ω ⊙ to Ω ⊙ .
